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Almost perfect squeezing at high intensities by stabilization from competing
non-linearities
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The squeezing properties of a cavity Second Harmonic Generation (SHG) system with an added
Kerr effect-like nonlinearity are studied as a function of the intra-cavity photon number. The
competition between the χ(2) and the χ(3) non-linearities shifts the Hopf bifurcation of the standard
SHG towards higher intra-cavity energies eventually completely stabilizing the system. Remarkably,
the noise suppression is at the same time strongly enhanced, so that almost perfect squeezing is
obtained for arbitrarily large intra-cavity photon numbers. Possible experimental implementations
are finally discussed.
PACS numbers: 42.50.Dv, 42.50.Lc, 42.65.Ky
From the pioneering “proof of the principle” exper-
iment (only 0.3 dB of noise reduction) of Slusher and
coworkers [1], the generation of squeezed light has been
steadily improving. Thus, in a landmark experiment,
Schiller and coworkers [2] have very recently got a
squeezed vacuum with 5.5 dB of noise suppression. With
such a preparation they managed to determine com-
pletely the state (by measuring the density matrix) and
observed for the first time the weird oscillations in the
photon number probability distribution some time ago
predicted [3]. Paschotta and coworkers [4] have also
demonstrated a stable 130 mW cw source of 1.5 dB
squeezed light while Tsuchida, using essentially the same
setup [5], has achieved an impressive 65 mW cw source
with a measured 2.4 dB noise suppression (5.2 dB ac-
counting for detection efficiency). Similarly, Bergman
and coworkers have got a pulsed source with 5.1 dB of
broad band noise reduction [6]. Indeed, a figure of 10 dB
seems reachable in the near future.
All the above mentioned experiments are based in pure
χ(2) or χ(3) non-linear interactions. Given the relative
simplicity of these systems, they have enjoyed the fa-
vor of both theoreticians and experimentalists. There
were, however, some relatively early incursions [7,8] in
more complicated systems combining both kinds of non-
linearities, suggesting enhanced quantum noise reduc-
tion. Recently, some theoretical work has confirmed this
possibility in two different experimental configurations
[9,10]. Here, we present a third approach in which the
competition between the two non-linearities is advanta-
geously exploited not only for direct squeezing enhance-
ment but to control the dynamical instabilities (closely
related to quantum noise reduction). The benefits of
competing non-linearities are not limited only to systems
with χ(2) and χ(3). Thus, higher non-linearities could be
even better for quadrature squeezing [11,12] while com-
bining two different kinds of χ(2) non-linearities improves
the generation of twin beams in non-degenerate systems
[13,14].
The system consists in a resonant Second Harmonic
Generation configuration extended with an intra-cavity
Kerr-like nonlinearity. To specify such a model system,
two modes with frequencies ω and 2ω respectively, both
resonant in a ring cavity with only one mirror with finite
reflectivity, interact with a suitable nonlinear medium
characterized by its second χ
(2)
2ω and third χ
(3)
ω,−ω,ω order
susceptibilities. An effective interaction Hamiltonian can
be written in a suitable rotating frame as (h¯ = 1)
HI = i
κ
2
(a†2b− a2b†) + Γ
2
a†2a2 , (1)
where κ and Γ are proportional to the χ
(2)
2ω and χ
(3)
ω,−ω,ω
susceptibilities respectively, and a, b are the usual an-
nihilation operators for the fundamental and the second
harmonic mode respectively. Following the standard pro-
cedure first introduced in ref. [15], a couple of stochastic
differential equations are obtained using a P representa-
tion. A convenient normalization is achieved by defining
α =
√
κ2
2γaγb
a, β =
κ
γa
b ,
being γa and γb the loss rates through the input-output
mirror for the ω, 2ω modes. The deterministic part of
the stochastic equations then takes the form
dα
dτ
= −α+ βα∗ − iΛα∗α2 + λ , (2a)
1
r
dβ
dτ
= −β − α2 , (2b)
where
τ = γat , r =
γb
γa
, Λ =
2γbΓ
κ2
, λ =
√
κ2
γ2aγb
ain ,
1
being ain the external amplitude of the coherent driving
field.
A linearization procedure [15] yields a set of linear
stochastic differential equations which are formally the
same than those given in a previous work [16], since only
the inhomogeneous part of the differential equations has
been changed. The explicit form for the eigenvalues is
[16],
k1, k2 =
−r − 1 + g ∓√(−r + 1− g)2 − 8r|αf |2
2
, (3a)
k3, k4 =
−r − 1− g ∓√(−r + 1 + g)2 − 8r|αf |2
2
, (3b)
where g = |αf |2
√
1− 3Λ2 and αf denotes a fixed point
of Eqs. (2). The stability analysis evidences a Hopf bi-
furcation [17] at g = r + 1, where Re k1 = Re k2 = 0 and
Im k1 = −Im k2 6= 0. Self-sustained oscillations build
up, then, above a critical intra-cavity “classical” photon
number given by
nc ≡ |αcf |2 =
r + 1√
1− 3Λ2 . (4)
This critical value reaches infinity at Λ = 1/
√
3 and in-
deed it can be shown that for larger Λ the system is
stable.
The efficiencies for each mode (the ratio between the
input and the output powers) can be expressed as
ηa =
(1− n)2 + n2Λ2
(1 + n)2 + n2Λ2
, (5a)
ηb =
4n
(1 + n)2 + Λ2n2
, (5b)
where we have defined n ≡ |αf |2. As expected, the χ(3)
non-linearity diminishes the SHG efficiency (from here
the term “competing”). Although at a first glance this
appears as a disappointing consequence, from the noise
reduction perspective, it will turn out very advantageous.
When no Kerr effect is present, perfect squeezing can
be reached at the critical point in the limits of total asym-
metry in the losses [15] (r → 0 for perfect squeezing in
the fundamental, r → ∞ for the harmonic mode). We
proceed now, studying how the squeezing is affected by
the third order non-linearity. Quantum noise depends
on the phase of the chosen quadrature as well as on the
frequency. The squeezing spectrum can be analytically
optimized on the quadrature phase resulting for the max-
imally squeezed and the corresponding conjugate quadra-
ture (see for example [18])
S−,+(ω) = N
∫ ∞
−∞
{〈a†out(t+ τ), aout(t)〉 ∓
|〈: aout(t+ τ), aout(t) :〉|} eiωτ dτ , (6)
where aout is the annihilation operator of the correspond-
ing mode for the out-going field, colons denote normal
order and N is a normalization constant. With this nor-
mal order definition, S−,+(ω) is proportional to the intra-
cavity normal and time ordered spectrum with propor-
tionality constant the cavity losses [19,20]. The maxi-
mum squeezing available for fixed values of n, Λ and r
(denoted by S−(ωm)) is obtained by numerical optimiza-
tion of S−(ω) with respect to the frequency.
We first center on an almost ideal case with r = 10−6.
As mentioned above, the fundamental mode noise is then
highly suppressed at the critical point and therefore is a
demanding reference point. Figure 1 shows S−(ωm) for
two pure SHG cases and a Λ corresponding to nc = 5.
The scaled SHG case corresponds to a shift of the crit-
ical point up to nc = 5 by a reduction of the coupling
constant, κ, induced, for example, by a slight phase mis-
match. It is the natural reference case for squeezing ef-
ficiency comparison. The result can hardly be better.
The χ(3) non-linearity not only shifts the critical point
but strongly enhances the noise suppression performance.
The squeezing is even slightly better than the Λ = 0 case
for low n (of course, it cannot beat it around n = 1 where
essentially perfect squeezing is reached for Λ = 0).
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FIG. 1. The maximum squeezing in the fundamental mode
in Vacuum Noise Units (i.e., the Vacuum Noise equals one) as
a function of the photon-number for the ideal case r = 10−6.
Λ = 0.566 corresponds to nc = 5. The scaled SHG corre-
sponds to a coupling constant κ′ = κ/5.
Turning now to a realistic case we chose a mild asym-
metry of r = 0.15 which gives for the standard SHG a
good 10 dB of maximum noise reduction. The behav-
ior of the system is summarized in figure 2, now show-
ing both noise in the squeezed and conjugate quadrature
(this time in dB’s relative to the vacuum noise), as well
as the “efficiency” ηa. As it is shown, the squeezing even
increases when nc is shifted while the noise in the con-
jugate quadrature remains bounded, slightly surpassing
the SHG case. The case Λ = 0.75 was chosen to ob-
tain the 10 dB around n = 10. Interestingly enough,
Λ = 0.75 is above the critical value 1/
√
3, therefore being
always stable. Notice that the excess noise in the con-
jugate quadrature nearly equals the noise suppression in
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the squeezed one, i.e., the limit imposed by the Heisen-
berg principle. With respect to the efficiency, ηa increases
above a certain minimum and for the cases shown, it
reaches around 75 % in the range of the figure. In other
words, when the system is thought as a squeezer instead
as a frequency doubler, the expressions (5) are good news,
specially when compared with the pure SHG system for
which at the point of maximum squeezing the output
is zero. That is the reason why we have centered the
analysis in the fundamental mode. However, although ηb
decreases with n, the squeezing behavior of the harmonic
mode for r > 1 is as excellent as the one shown for the
fundamental.
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FIG. 2. The maximum noise reduction and the excess noise
in the conjugate quadrature (fundamental mode) for r = 0.15
(a) and the corresponding ηa efficiency (b); Λ = 0.562 implies
nc = 5, Λ = 0.578 nc = ∞ and Λ = 0.75 was chosen to equal
the pure SHG case but at n = 10.
Figure 3 displays another feature of the system,
namely, the frequency at which the noise reduction is
maximum grows up linearly with n. The third order
non-linear term in Eq. (2a) is the cause of this frequency
shift, since it can be interpreted as a non-linear detun-
ing of value Λn. Such an effect has a twofold benefit.
From one hand maximum squeezing is not located at zero
frequency, where balanced homodyne detection does not
work properly. On the other, it can be used as a simple
mechanism for tuning the squeezing. Quite a similar be-
havior appears also in the non-degenerate case studied in
[13,14].
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FIG. 3. The optimized squeezing spectrum (fundamental
mode) as a function of the photon-number for r = 0.15 and
Λ = 0.75.
The most obvious way of practical implementation of
the system would be to place two different materials in
the same cavity, one suited for the second order inter-
action, the other for the third. However, for the low
values of Λ needed, a simple crystal could be adequate
for the task. For example, from the KDP electrooptic
Kerr coefficients (s66 = 0.9×10−18m2/V2, [21]), a χ(3)0,0,ω
of 1.5× 10−18m2/V2 is estimated. To take into account
possible non-electronic contributions (KDP is a ferroelec-
tric, see [21]) we shall assume a χ
(3)
ω,−ω,ω in the range
1.5 × 10−19 − 10−18. From the definitions of κ, Γ and
γb and assuming plane wave modes in the resonator, it
can be shown that Λ = (Tb/4pi)(λb/l)(χ
(3)/(χ(2))2) be-
ing Tb and λb the transmission at the mirror and the
wavelength for mode b and l the crystal length. Taken
χ
(2)
2ω = 10
−12V/m [21], Tb = 0.2, λb = 1.06 µm and l = 1
cm, the range for Λ would be 0.23− 2.3, suitable for our
purposes. At a first glance, Λ can be easily increased by
shortening the crystal length. However, shorter lengths
imply larger input powers to reach the pure SHG critical
point. As the interesting behavior is above this point,
power requirements limit this possibility. Fortunately,
these requirements are not very demanding in a com-
pletely resonant configuration (resonant for all the in-
teracting modes). For example, in [22] a triply resonant
OPO is achieved showing a threshold power below 1 mW.
Stable double resonance is possibly the most difficult ex-
perimental task, but the above mentioned experiment
[22], as well as the results in [23], certainly demonstrated
that it is possible.
A second very interesting approach is the use of Asym-
metric Multiple Quantum Wells. These devices are cur-
rently object of an intense study regarding its applica-
bility for SHG [24,25,26,27]. For our purposes, they are
excellent candidates as the energy levels schemes used
for χ(2) optimization are, at the same time, adequate
for χ(3) enhancement. Even more, the non-linearities
can be controlled with an applied dc field [24,27]. A
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drawback for such systems is the increase of two-photon
absorption associated with the resonant enhancement of
non-linearities. Although not necessarily pernicious for
the squeezing (two photon absorption is also a source of
squeezing), the augmented total losses could force to use
pulsed light so that the results shown here are not di-
rectly applicable. However, as we are not interested in a
giant χ(2) but in a compensated ratio between χ(3) and
χ(2), resonance is no so critical and maybe an adequate
working point with a sufficiently diminished two-photon
absorption could be found.
Cascaded second-order nonlinearities (see for instance
[28] for an experimental demonstration of dispersive
bistability by cascading effect) are also very interesting
since the χ(2) and the effective χ(3) are, as in the pre-
vious cases, naturally embedded in the same material.
Unfortunately, complete resonance must be abandoned
in this case and again the present results need revision.
This possibility is currently under investigation by the
authors.
Finally, poled fibers [29] which generate a SHG sig-
nal would be a technologically very attractive possibility.
Of course, pulses are needed in such a case in order to
achieve an appreciable self-phase modulation.
To conclude, a summary of the properties of our model
system is in order. First, arbitrarily large squeezing is
obtainable at arbitrarily large output intensities. Sec-
ond, both the squeezing and the efficiency improve with
increasing output intensity. Third, the excess noise in
the conjugate quadrature grows up moderately. Fourthly,
the maximum squeezing is not at zero frequency. As a
by-product, the squeezing can be linearly tuned by con-
trol of the input intensity. Good figures are obtained
for physically reasonable parameters (figure 2) and the
experimental implementation seems feasible. Altogether
make the proposed model system an excellent candidate
for bright squeezing generation.
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